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Abstract

In previous work, a generalframewvork for specify-
ing correspondencesetweerlogic programsunderthe
answersetsemantichasbeendefined.The framewvork
allows to define different notions of equivalence,in-
cludingwell-knavn notionslike strong equivalenceas
well asrefinedonesbasedon the projection of answer
sets,wherenot all partsof an answersetare of rele-
vance(like, e.g.,removal of auxiliary letters). In the
generalcase,decidingthe correspondencef two pro-
gramslies on the fourth level of the polynomial hier
archy and thereforethis task can (presumably)ot be
efficiently reducedo answersetprogramming.In this
paperwe describeanimplementatiorto verify program
correspondences this generalframewvork. The sys-
tem, called ccT, relieson lineartime constructibé re-
ductionsto quantifiedpropositonal logic using extant
solersfor thelatterlanguageasback-endnferenceen-
gines.We provide somepreliminaryperformancesval-
uationwhich shedlight on somecrucial designissues.

Intr oduction

Nonmonotonidogic programaunderthe answersetseman-
tics (Gelfond& Lifschitz 1991),with which we aredealing
with in this paper representhe canonicaland, dueto the
availability of efficient answerset solvers, arguably most
widely usedapproachto answerset programming(ASP).
The latter paradigmis basedon the ideathat problemsare
encodedin terms of theoriessuchthat the solutionsof a
givenproblemaredeterminedy themodels(“answersets”)
of the correspondingheory Logic programmingunderthe
answersetsemantichiasbecomenimportanthostfor solv-
ing mary Al problems,including planning,diagnosis,and
inheritancereasoning(cf. Gelfond & Leone(2002)for an
overview).

To supportengineeringtasksof ASP solutions,an im-
portantissueis to determinethe equivalenceof different
problemencodings.To this end, variousnotionsof equi-
alencebetweenprogramsunder the answerset semantics

*This work was partially supportedby the Austrian Science
Fund(FWF) undergrantP18019;the secondauthorwasalsosup-
portedby the Austrian FederalMinistry of Transport,Innovation,
and Technology(BMVIT) andthe Austrian ResearciPromotion
Ageny (FFG)undergrantFIT-IT-810806.

Martina Seidl
Institut fur Softwaretechnilkd 88/3,
TechnischeJniversitt Wien,
Favoritenstralé®-11,
A-1040Vienna,Austria

seidl@big.tuwien.ac.at

Hans Tompits and StefanWoltran
Institutfur Informationssystem&84/3,
Technisch&Jniversi@ét Wien,
Favoritenstral®-11,
A-1040Vienna,Austria
{tompits,stefah@kr.tuwien.ac.at

have beenstudiedin the literature, including the recently
proposedramenork by Eiter, Tompits, & Woltran (2005),
which subsumesnostof the previously introducednotions.
Within this framework, correspondencbetweentwo pro-

grams, P and @, holdsiff the answersetsof P U R and
@ U R satisfycertaincriteria, for ary programR in a spec-
ified class,calledthe context. We shallfocushereon cor-

respondencproblemswyhereboththe context andthe com-
parisonbetweenmanswersetsaredeterminedn termsof al-

phabets This kind of programcorrespondencimcludes,as
specialinstancesthe well-known notionsof strong equiva-
lence(Lifschitz, Pearce& Valverde2001),uniform equiv-
alence(Eiter & Fink 2003),its relativised variantsthereof
(Woltran 2004), as well asthe practicablyimportantcase
of programcomparisorunderprojectedanswersets.n the
last setting, not a whole answerset of a programis of in-

terestbut only its intersectionon a subsebf all letters;this

includes,n particular removal of auxiliary letters.

For illustration, considerthe following two programs
which bothexpressthe selectionof exactly oneof theatoms
a, b. An atomcanonly be selectedf it canbe derived to-
getherwith the context:

P = { sel(b) + b, not out(b);
sel(a) < a,not out(a);
out(a) V out(b) < a,b; }.

Q = { fail + sel(a), not a, not fail;
fail < sel(b), not b, not fail;
sel(a) V sel(b) « a;
sel(a) V sel(b) « b; }.

Both programsause“local” atoms,out(-) andfail, respec-
tively, which are expectednot to appearin the contet. In
orderto comparethe programswe could specifyan alpha-
bet, A, for the context, for instanceA = {a,b}, or, more
generallyary setA of atomsnot containingthelocal atoms
out(a), out(b), and fail. On the other hand,we want to
checkwhether for eachadditionof a context programover
A, theanswersetscorrespondvhentaking only atomsfrom
B = {sel(a), sel(b)} into account.

In this paper we reportaboutanimplementatiorof such
correspondencproblemstogetherwith someinitial exper
imentalresults. The overall approactof the system which



we call ccT (“correspondence-checkirigol”), is to reduce
the problemof correspondenceheckingto the satisfiability
problemof quantifiedpropositionallogic, an extensionof

classicalpropositionallogic characterisedy the condition

thatits sentenceg suallyreferredto asquantifiedBoolean
formulas (QBFs), are permittedto contain quantifications
over atomicformulas.

Themotivationto usesuchanapproachs twofold. First,
compl«ity results(Eiter, Tompits, & Woltran 2005) shov
thatcorrespondenceheckingwithin this framework is hard,
lying on the fourth level of the polynomialhierarchy This
indicatesthatimplementation®f suchcheckscannotbere-
alisedin astraightforwardmannemusingASP systemghem-
sehes.In turn,it is well known thatdecisionproblemsfrom
the polynomial hierarchycan be efficiently representedn
termsof QBFsin sucha way that determiningthe valid-
ity of theresultantQBFsis not computationallyharderthan
checkingthe original problem. In previous work (Tompits
& Woltran 2005), such translationsfrom correspondence
checkingto QBFshave beendeveloped;morewer, they are
constructiblan lineartimeandspace Secondyariousprac-
ticably efficientsolversfor quantifiedpropositionalogic are
currentlyavailable(seege.g.,Le Berreetal. (2005)).Hence,
suchtoolsareusedasback-endnferenceenginesn oursys-
temto verify the correspondenceroblemsunderconsidera-
tion.

We notethatreductionmethodsto QBFshave beensuc-
cessfullyappliedalreadyin the field of nonmonotoniaea-
soning(Egly etal. 2000;Delgrandeetal. 2004),paracon-
sistentreasoning(Besnardet al. 2005; Arieli & Denecker
2003),andplanning(Rintanen1999).

Previoussystemsamplementingdifferentformsof equiv-
alence, being specialcasesof correspondenceotionsin
the framework of Eiter, Tompits, & Woltran (2005), also
basedon a reductionapproach,are SELP (Chen, Lin, &
Li 2005)andDLPEQ (Oikarinen& Janhuner2004). Con-
cerningSELR herethe problemof checkingstrongequiva-
lenceis reducedo propositionallogic, makinguseof SAT
solvers as back-endinferenceengines. Our systemgener
alisesSELPin thesensehatccT handlesa correspondence
problemwhich coincideswith atestfor strongequivalence
by thesamereductionasusedin SELP ThesystenDLPEQ,
ontheotherhand,is capableof comparingdisjunctie logic
programsinderordinaryequialence Here thereductionof
a correspondencproblemresultsin furtherlogic programs
suchthatthelatter have no answersetiff theencodedorob-
lem holds.Hence this systemusesanswersetsolversthem-
selesin orderto checkfor equivalence.

The methodologiesof both of the abore systemshave
in commonthat their rangeof applicability is restrictedto
very specialforms of programcorrespondencesvyhile our
new systemccT providesawide rangeof morefine-grained
equivalencenotions,allowing practicalcomparisonsuseful
for deluggingandmodularprogramming.

The outline of the paperis asfollows. We startwith re-
capitulatingthe basicfactsaboutlogic programsunderthe
answersetsemanticsand quantifiedpropositionalogic. In
describinghow to implementcorrespondencproblemswe
first give a detailedreview of the encodingsfollowedby a

discussiorhow theseencodingsand thusthe presentsys-
tem) behae in the casethe specifiedcorrespondenceoin-
cideswith specialequivalencenotions. Then, we address
sometechnicalquestionavhich arisewhenapplyingthe en-
codingsto QBF solvers which requireits input to be in a
certainnormalform. Finally, we presentheconcretesystem
ccT andillustrateits usage.The penultimatesectionis de-
votedto experimentakevaluationandcomparisonsWe con-
cludewith somefinal remarksandpointersto futurework.

Preliminaries

Throughouthe paperwe usethefollowing notation:For an
interpretation/ (i.e.,asetof atoms)andasetS of interpre-
tations,wewrite S|; = {Y NI | Y € S}. Forasingleton
setS = {Y'}, wewrite Y| insteadof S|, if corvenient.

Logic Programs

We are concernedvith propositionaldisjunctivelogic pro-
grams(DLPs)which arefinite setsof rulesof form

arV -V ag ¢ a1, .-y, N0t g, ..., 0ot ay, (1)

n>m>1>0, whereall a; are propositionalatomsfrom
somefixed universel/ and not denotesdefault negation.
If all atomsoccurringin a programP arefrom a given set
A C U of atoms,we saythat P is a programover A. The
setof all programsover A is denotedby P 4.

Following Gelfond& Lifschitz (1991),aninterpretation/
is ananswersetof a programP iff it is aminimal modelof
thereductP?, resultingfrom P by

¢ deletingall rulescontainingdefaultnegatedatomsnot a
suchthata € I, and

¢ deletingall defaulthegatedatomsin theremainingrules.

The collectionof all answersetsof a programP is denoted
by AS(P).

In orderto semanticalljcompareprogramsdifferentno-
tions of equivalencehave beenintroducedin the context
of the answersetsemantics.Besidesordinary equivalence
betweenprograms,which checkswhethertwo programs
have the sameanswersets,the more restrictve notions of
strongequivalencéLifschitz, Pearce& Valverde2001)and
uniform equivalencgEiter & Fink 2003) have beenintro-
duced.Two programs,P and @, arestronglyequialentiff
AS(P U R) = AS(Q U R), for ary programR, andthey
areuniformly equwvalentiff AS(P U R) = AS(Q U R), for
ary setR of facts i.e., rulesof form a <, for someatoma.
Also, relativisedequialencenotions,takingthe alphabebf
theextensionsetR into accounthave beendefined(Woltran
2004).

In abstractingfrom these notions, Eiter, Tompits, &
Woltran (2005) introduceda generalframework for speci-
fying differing notionsof programcorrespondenceln this
frameawork, oneparameterisegn the onehand,the context,
i.e., the classof programausedto be addedto the programs
underconsiderationand,ontheotherhand therelationthat
hasto hold betweerthe collectionof answersetsof the ex-
tendedprograms. More formally, the following definition
hasbeenintroduced:



Definition 1 A correspondencBame F, is a triple (U, C,
p), whee! is a setof atoms,calledtheuniverseof F, C C

Py, calledthecontet of 7, andp C 22" x 22,

Two programsP, () € Py, are called F-correspondingin
symbolsP ~ Q, iff, forall R € C, (AS(P U R), AS(Q U
R)) € p.

Clearly, theequivalencenotionsmentionedabove arespe-
cial caseof F-correspondencdndeed for ary universel/
andary A C U, strongequivalencerelative to A coincides
with (¢, P4, =)-correspondenceandordinaryequivalence
coincideswith (24, {0}, =)-correspondence.

Following Eiter, Tompits,& Woltran (2005),we arecon-
cernedwith correspondencéramesof form (2/,P4,Cpg)
and(U,Pa,=p), whereA, B C U aresetsof atomsand
Cp and=p areprojectionsof the standardsubsetand set-
equality relation, respectiely, definedasfollows: for ary
setS, S’ of interpretationsS Cp S’ iff S|p C §'|B, and
S=p8§iffS|p =55

A correspondenceroblem II, (overi() is a quadruple
(P,Q,C,p), whereP, Q € Py and(U,C, p) is acorrespon-
denceframe. We saythatIl holdsiff P ~ ¢ ,) @ holds.
For a correspondenceroblemIl = (P,Q,C,p) over U,
we usuallyleave ¢/ implicit, assuminghatit consistsof all
atomsoccurringin P, @, andC. We call IT an equivalence
problemif p is givenby =g, andaninclusionproblemif p
is givenby C, for someB C Y. Notethat(P,Q,C,=3g)
holdsiff (P, Q,C,Cp) and(Q, P,C, Cp) jointly hold.

The next propositionsummariseghe compleity land-
scapewithin this framework (Eiter, Tompits, & Woltran
2005;PearceTompits,& Woltran2001;Woltran2004).

Proposition 1 Givenprograms P and (), setsof atomsA
and B, andp € {Cp, =g}, decidingwhethera correspon-
denceproblem(P, Q, P4, p) holdsis:

1. TIP-completejn geneal;
2. 1Y -completefor A = {;
3. Il -completefor B = U;
4. coNRcompletdor A = U.

While Casel providesthe resultin the generalsetting,for
the other caseswe have the following: Case2 amountsto
ordinary equivalencewvith projection i.e., theanswersetsof
two programgelative to a specifiedset B of atomsarecom-
pared. Case3 amountsto strong equivalenceaelativeto A
andincludes,as a specialcase,viz. for A = §, ordinary
equivalence Finally, Case4 includesstrong equivalence
(for B = U/) aswell asstrongequivalencewith projection.

TheTI} -hardnessesultshaws that, in general,checking
the correspondencef two programscannot(presumably)
be efficiently encodedn termsof ASPE which hasits basic
reasonindaskslocatedatthesecondevel of the polynomial
hierarchy(i.e., they arecontainedn X% or I1"). However,
correspondenaeheckingcanbeefficiently encodedn terms
of quantifiedpropositionallogic, whosebasicconceptsve
recapitulatenext.

Quantified Propositional Logic

Quantifiedpropositionallogic is an extensionof classical
propositionallogic in which formulasarepermittedto con-

tain quantificationsover propositionalvariables.In particu-
lar, this languagecontains for ary atomp, unaryoperators
of form Vp and3dp, called universaland existential quanti-
fiers respectiely, where3p is definedas—Vp—. Formulas
of thislanguagearealsocalledquantifiedBooleanformulas
(QBFs),andwe denotethemby Greekuppercasdetters.

GivenaQBF Qp ¥, for Q € {3,V}, wecall ¥ thescope
of Qp. An occurrenceof anatomp is freein aQBF @ if it
doesnotoccurin the scopeof a quantifierQp in ®. In what
follows, we tacitly assumehatevery subformulaQp ® of a
QBF containsa free occurrenceof p in ®, andfor two dif-
ferentsubformulag)p @, Qq ¥ of aQBF, werequirep # q.
Moreover, givenafinite setP of atoms QP ¥ standdor ary
QBF Qp1Qps ... Qp, ¥ suchthatthe variablesp. ..., Pn
arepairwisedistinctandP = {py,...,p,}. Finally, for an
atomp (resp.,asetP of atoms)andaset! of atoms,®[p/I]
(resp.,®[P/I]) denoteshe QBFresultingfrom @ by replac-
ing eachfree occurrencef p (resp..eachp € P)in® by T
if p € I andby | otherwise.

For an interpretation/ anda QBF @, therelation] =
® is inductively definedasin classicalpropositionallogic,
wherebyuniversalquantifiersareevaluatedasfollows:

I =Vp ®iff I = @[p/{p} andI = ®[p/0].

A QBF @ istrueunder! iff I = @, otherwised is false
underI. A QBFis satisfiableff it is trueunderatleastone
interpretation.A QBF is valid iff it is true underary inter-
pretation.Notethata closedQBF, i.e., a QBF without free
variableoccurrencesis eithertrue underary interpretation
or falseunderary interpretation.

A QBF @ is saidto bein prene« normalform (PNF)iff it
is closedandof theform

QnPnQ]P] @« (2)

wheren > 0, ¢ is a propositionalformula, Q; € {3,V}
suchthatQ; # Qiyifor1 < i <n—1,(Py,...,P,)is
apartition of the propositionalvariablesoccurringin ¢, and
P, # (), for eachl < i < n. Wesaythat® isin prene con-
junctivenormalform (PCNF)iff & is of theform (2) and¢ is
in conjunctive normalform. FurthermoreaQBF of form (2)
is alsoreferredto asan(n, Q,,)-QBF. Any closedQBF ¢ is
easilytransformednto anequialentQBF in prenex normal
form suchthateachquantifieroccurrencdrom the original
QBF correspondgo a quantifieroccurrencen the prene
normalform. Let uscall sucha QBF theprenex normalform
of ®. However, therearedifferentwaysto obtainan equiv-
alentprenex QBF (cf. Egly etal. (2004)for moredetailson
thisissue).Thefollowing propertyis essential:

Proposition2 For every & > 0, decidingthe truth of a

given(k, 3)-QBF(resp. |k, ¥)-QBF) isTL -completgresp.,
17 -completg.

Hence ary decisionproblemD in £ (resp.,I1) canbe
mappedn polynomialtime to a (k, 3)-QBF (resp.,(k, V)-
QBF) @ suchthatD holdsiff @ is valid. In particularary
correspondenceroblem(P, Q, P4, p), for p € {Cp,=p},
canbereducedn polynomialtimeto a (4, V)-QBF. Ourim-
plementedool, describedhext, reliesontwo suchmappings,
which areactuallyconstructibldn linear spaceandtime



Computing Corr espondencd’roblems

We now describethe systemccT, which allows to verify
the correspondencef two programs. It relies on efficient
reductionsfrom correspondencproblemsto QBFs as de-
velopedby Tompits & Woltran (2005). Theseencodings
arepresentedn thefirst subsection.Then,we discusshow
theencodingdehae if the specifiedcorrespondencprob-
lem coincideswith speciaformsof inclusionor equivalence
problems,viz. thoserestrictedcasesdiscussedn Proposi-
tion 1. Afterwards,we give detailsconcerninghe transfor
mationof theresultantQBFsinto PCNF, whichis necessary
becausenostextant QBF solversrely oninput of this form.
Finally, we give somedetailsconcerninghe generakyntax
andinvocationof theccT tool.

BasicEncodings

Following Tompits& Woltran (2005),we considertwo dif-
ferentreductionsrom inclusionproblemsto QBFs,S[-] and
T[], where T[-] canbe seenasan explicit optimisationof
S[-]. Recallthatequivalenceproblemscanbedecidedby the
compositionof two inclusionproblems.Thus,a composed
encodingfor equivalenceproblemsis easily obtainedvia a
conjunctionof two particularinstantiationsof S[-] (or T[-]).

For our encodingswe usethe following building blocks.
The ideaherebyis to usesetsof globally new atomsin or-
derto refer to differentassignmentsf the atomsfrom the
comparegrogramswithin asingleformula. More formally,
givenanindexedsetV of atoms,we assumépairwise)dis-
joint copiesV; = {v; | v € V}, for everyi > 1. Further
more,we introducethefollowing abbreviations:

1. (Vi <Vi)i= Aev(vi = vj);
2. (Vi <Vj) = (Vi S Vj) A=(V; < Vi) and
3. (Vi =Vj) = (Vi Vi) A(V; < Vi)

Obsere thatthelatteris equivalentto A\ oy, (vi < v;).

Roughly speaking,thesethree “operators” allow us to
comparedifferentsubsetof atomsfrom a commonset,V,
undersubsetinclusion, propersubsetnclusion,and equal-
ity, respectiely. The comparisortakesplacewithin a sin-
gle interpretationwhile evaluatinga formula. As an ex-
ample,considerV = {v,w,u} andan interpretation/ =
{v1,v2,wsy}, implicitly representingetsX = {v} (viathe
relationI|y, = {v1}) andY = {v,w} (via the relation
Ily, = {v2,w2}). Then,wehavethat(V; < V) aswell as
(V4 < V3) aretrue underI which matcheshe obsenation
that X is indeeda propersubsetf V', while (V; = 14) is
falseunder! reflectingthefactthat X £ Y.

In accordancdo this renamingof atoms,we use sub-
scriptsasagenerarenamingschemdor formulasandrules.
Thatis, for eachi > 1, a; expressesheresultof replacing
eachoccurrenceof anatomp in o by p;, wherea is ary
formulaor rule. Furthermorefor arule » of form (1), we
defineH(r) = a1 V---Va;, BY(r) = a1 A+ Aap, and
B~ (r) = 2@m+1 A -+ A —a,. We identify emptydisjunc-
tionswith L andemptyconjunctionswith T. Finally, for a
programP, we define

Pij= N\ (BY(ri) NB™(r))) = H(r:)).

reP

Formally, we have the following relation: Let P be a pro-
gramover atomsV, I aninterpretationand X,Y C V
suchthat, for some:, j, Ily, = X; andI|y, = Y;. Then,
X |= PY iff I = P, ;. Hence,we areableto characterise
modelsof P (in casethat: = ;) aswell asmodelsof certain
reductsof P (in casethat: # j).
Having definedthesebuilding blocks, we proceedwith

thefirst encoding.

Definition 2 Let P, Q be programsoverV,let A, B C V,
andletIl = (P,Q, P4, Cp) beaninclusionproblem.Then,

S[] := —3V; (PM ASY(P, A)A
WV3(SH(Q. A4, B) = $(P,Q. 4)) ),

whee
SH(P, A) :=VVa((( 42 = A1) A (Ve < V1)) = Pyy),
(QAB :(AU (4UB)1)/\Q3,3,and
(P, Q,A):=3Vy((Vy < V AQsz A ((A4 <Al —

(00
VVs(((As = A)A (Vs < V1)) —==P51))).

In fact, the scope,®, of 31, encodeghe conditionsfor
decidingwhethera so-calledpartial spoiler (Eiter, Tompits,
& Woltran 2005)for the inclusionproblemII exists. Such
spoilerstestcertainrelationson the reductsof the two pro-
gramsinvolved,in orderto avoid anexplicit enumeratiorof
all R € P4 for decidingwhetherIl holds. Sucha spoiler
for II existsiff IT doesnot hold. Hence theresultingencod-
ing @ is unsatisfiabléff II holds,andthusthe closedQBF
S[II] = -3V, @ is valid iff II holds.

In more concreteterms, given a correspondence@rob-
lem II andits encodingS[II] = -3V, ®, the generaltask
of the QBF @ is to test, for an answerset candidateX of
P, thatnoY with Y| = X|p becomesan answersetof
@ undersomeimplicitly consideredxtension(in fact, it is
sufficient to checkonly potentialcandidate§” of the form
Y|aus = X|aus)- Now, the subformulaP; ; A SY(P, A)
testswhether X is sucha candidatefor P, with X being
representedby V;. In the remainingpart of the encoding,
S?%(Q, A, B) returnsasits modelsthosepotentialcandidates
Y (representedby V3) for beinganswersetof ). These
candidatesrrenow checkedo be non-minimalandwhether
thereis a furthermodel(representedy V,) of thereductof
@ with respecto Y surviving anextensionof (), for which
X turnsinto ananswersetof the extensionof P.

In what follows, we review a more compactencoding
which, in particular reduceghe numberof universalquan-
tifications. Theideais to save onthe fixed assignmentsgs,
e.g.,in S%(Q, A, B), wherewe have (AU B); = (AU B);.
Thatis, in S%(Q, A, B), weimplicitly ignoreall assignments
to V3 whereatomsfrom A or B have differenttruth values
asthecorrespondin@ssignmentt V;. Thereforejt makes
sensdo consideronly atomsfrom V3 \ (A3 U Bs) andusing
Aq U By insteadof Az U B3 in Qg,g.

This calls for a more subtle renamingschemafor pro-
grams,howvever. Let V be a setof indexed atoms,and let
r bearule. Then,r}"k resultsfrom r by replacingeachatom
x inr by z;, providing z; € V, andby z; otherwise.For a



programP, we define

Pil,jj‘k = /\ <(B+(

repP

W) AB(rY ) = H(rYy)).

Moreover, for every: > 1, every setV of atoms,andevery
setC, Ve = (V\ C);

Definition 3 Let P, ) be programsoverV andA, B C V.
Furthermoe,letIl = (P, Q, P4, Cp) beaninclusionprob-
lemandV =V, UVA U VAYB UV, U VA Then,

T = -3V, (Pl,l ATYP, A, V)A
V"ISAUB(QJ{.SJ — T3<P7 Q7 ‘47 V)))

whee
TH(P, A, V) =WV (V! < Vi) = =P}, ,) and
T3(P,Q,A,V):=3V, ((‘;1 < ((AUB); UV AUB))/\
Qrsi N ((As < Ap) —
VVA((VA < VA) = =PY) ).
Note that the subformulaV, < ((AUB); U VAYB) in
T3(P.Q, A, V) denotes
(((AuB)ys < (AUB))
=(((AUB); < (AUB)4) A
Also notethat, comparedo our first encodingS[I1], we do

not have a pendantto subformulaS? here,which reduces
simplyto Q}{M dueto the new renamingschema.

Proposition 3 (Tompits & Woltran 2005) For any inclu-
sion problemTII, the following statementsare equivalent:
() IT holds; (ii) S[II] is valid; and (i) T[II] is valid.

In whatfollows, let, for every equivalenceproblemIl =
(P, Q,Pa,=p), 1" andIl” denotetheassociateihclusion
problems( Q, Pa, Cp) and(Q, P, P, Cpg), respec-
tively.

A (V'JLAUB S V3AUB))/\
(‘,Z;AUB S "4AUB))

Corollary 1 For anyequivalenceroblemTl, the following
statementare equivalent: (i) II holds; (i) S[II'|A S[II"] is
valid; and (iii) T[II']A T[II"] is valid.

SpecialCases

We now analysehow our encodingsbehae in certainin-
stanceof the equivalenceframewnork which arelocatedat
lower levels of the polynomialhierarchy(cf. Propositionl).
We point out that the following simplificationsare corre-
spondinglyimplementedvithin our system.

In the caseof strong equivalence(Lifschitz, Pearce,&
Valverde2001),i.e.,problemsof form Il = (P, Q, P4, =4)
with A = ¢, theencodingsT[II'] andT[II"”] canbedrasti-
cally simplified, sinceV,! = V4 = Vi = {). In particulay
T[II'] is equivalentto

-3v; (PM A Qi1 — Va((Va < Vi) AQan A ﬁPM))).

Now, thecompose@ncodingor strongequivalencej.e.,the
QBF T[II'] A T[II"], amountsto a single propositionalun-
satisfiability test, withessingthe coNRcompletenessom-
plexity for checkingstrongequivalencg(PearceTompits,&

Woltran 2001;Lin 2002). This holdsalsofor problemsof
theform (P, Q, Py, =g) with arbitrary B. Onecanshav
that similar reductions(Pearce,Tompits, & Woltran 2001;
Lin 2002)for testingstrongequivalencan termsof proposi-
tionallogic aresimplevariantsthereof.Indeed the method-
ology of thetool SELP(Chen,Lin, & Li 2005)is basically
mirroredin our approachin casethe parameterisationof the
givenproblemcorrespondso atestfor strongequivalence.

Strongequialencerelativeto a set A of atoms(Woltran
2004),i.e., problemsof form (P, Q,Pa,=p) with B = U,
also yields simplificationswithin T[II'] and T[II"], since
VA8 = (). In fact, T[] canberewritten to

=AVi(Pry AVVA (VA < Vi) = =P 1 )A
(Qia = IVa((Va < Vi) AQuaA
((As < A1) = VWV < Vit) = =PY )

When putting this QBF into prene normal form (seebe-
low), it turnsoutthattheresultingQBF amountgo a (2, V)-
QBF, againreflectingthe compleity of the encodedask.
Notice thatfor equivalenceproblems(P, ), P4, =p) with
AU B = U, wealsohave that VY2 = (). Thus,the same
simplificationsalsoapplyfor this specialcase.

The caseof ordinaryequvalence,.e., consideringprob-
lemsof formII = (P,Q,Pa,=) with A = (), is, indeed,a
specialcaseof relatvised strongequivalence. As an addi-
tional optimisationwe candropthe subformula

(A < A) =2 V(G < VW) = -PY ) (3)

from partT? of T[II']. Thisis becausei = (), andtherefore

/\ ((1,4 — (1,1) A% /\ (a,l — a;)

aEA aEA

(Ag < Ay) =

reduces¢o T A =T, andthusto L. Hence,the validity of

the implication (3) follows. However, this doesnot affect
the numberof quantifieralternationsccomparedo the case
of relativised strongequialence. Indeed,this is in accord
with theIl}-completenestor ordinaryequivalence Putting
thingstogetherandobservinghatfor A =  wehave V,/A =

V4, theencodingT [II'] resultsfor ordinaryequialencen

- (PM AVVa((Va < Vi) = ~Py1)A
(Qui = FV((Vi < Vi) AQu1)))-

This encodings relatedto encodinggor computinganswer
setsvia QBFs,asdiscussedy Egly etal. (2000). Indeed,
takingthe two main conjunctsfrom T[II'], viz.

Pl.l A VVZ((VQ < Vl) — —|P-2‘1) and (4)
Q11— IVa((Va < V1) A Qu 1), (5)

we get, for ary assignment’; C Vi, thatY; is a modelof
(4)iff Y is ananswersetof P, andY; is amodelof (5) only
if Y is notananswersetof ().

Finally, we discusgthe caseof ordinaryequivalencewith
projection,i.e., problemsofformg) . Q,Pa,=p)with A =
(. Problemsof this form are II; -complete, and thus we
expectour system(aftertransformatlorto prene form) to



yield (3,V)-QBFs.Here,the only simplificationis to getrid
off the subformula(3). We cando this for the samereason,
viz. sinceA = (}, asabove. The simplificationsarethenas

follows (onceagainusingthe factthat V;* = V; aswell as
VSAUB — VgB):

=3V (Pia AVVR((Va < Vi) = = Pai)A

vv# (Q;’;j,s.l - 3‘"74((‘"74 <(ByU ‘”BB")) A QZSI)))

Comparedto the caseof relativised equivalence, as dis-
cussedabove, this time we have VAV £ () andthusan
additional quantifier alternation“survives” the simplifica-
tion. After bringing the encodinginto its prene form, we
thereforeget(3, V)-QBFs,onceagainreflectingtheintrinsic
compleity of theencodedoroblem.

For the encodingT[-], the structureof the resultingQBF
alwaysreflectsthe compleity of the correspondencprob-
lem accordingto Propositionl. This doesnot hold for for-
mulasstemmingfrom S[-], however. In ary case,our tool
implementsboth encodingsin orderto provide interesting
benchmarkd$or QBF solverswith respecto their capability
to find implicit optimisationdor equivalentQBFs.

Transformations into Normal Forms

Most available QBF solversrequireits input formulato be
in a certainnormalform, viz. in prene& conjunctive normal
form (PCNF).Hence,in orderto employthesesolversfor
our tool, the translationgdescribedabore have to be trans-
formedby afurthertwo-phasedormalisatiorstep:

1. translationof the QBFinto prenex normalform (PNF);

2. translatiorof thepropositionapartof theformulain PNF
into CNF,

Both stepsrequireto addresdifferentdesignissues.In
what follows, we describethe fundamentalproblems,and
thenbriefly provide our solutionsin somedetail.

First, thestepof pren&ing is notdeterministic As shovn
by Egly etal. (2004),therearenumerousso-calledprene-
ing strategies Theconcreteselectiorof suchastratgy (also
dependingon the concretesolver used)crucially influences
the runningtimes (seealsoour resultsbelow). In prene-
ing a QBF, certaindependenciebetweenquantifiershave
to berespectedwhencombiningthe quantifiersof different
subformulago onelinear prefix. For our encodingsthese
dependenciearerathersimple and analogoudor both en-
codingsS[-] andT[-]. First, obsene, however, thatbothen-
codingshave a nggationastheir mainconnectve which has
to be shiftedinto the formulaby applyingthe usualequva-
lencepreservingransformationasknown from first-order
logic. In whatfollows, we implicitly assumehatthis step
hasalreadybeenperformed.This allows usto considerthe
guantifierdependenciesleansedvith respecto their polar
ities. The dependenciefor the encodingS[-] canthenbe
illustratedasfollows:

vV
1 N

IV, Iv;
VVi
Vs

Here,theleft branchresultsfrom the subformulaS! andthe
right oneresultsfrom the subformulavV;(S%(Q, 4, B) —
S*(P,Q, A)).

Inspectingthesequantifier dependenciesye can group
V5 eithertogetherwith 3V5 or with 3V;5. This yields the
following two basicwaysfor preneing our encodings:

VYA 3(Va U V3)WVA3Vs; and | VYV 3V3YVa3(Vs U Va).

Togetherwith the two encodingsS[-] and T[], we thusget
four differentalternatvesto representininclusionproblem
in termsof a prene QBF; we will denotethemby S4[-],
Si[], T+[-], and T [-], respectrely. Our experimentsbelow
shaw their differentperformancebehaiour (relative to the
employedQBF solver andthebenchmarks).

Concerningthe transformationof the propositionalpart
of a prenx QBF into CNF, we use a methodfollowing
Tseitin(1968)in which new atomsareintroducedabbreviat-
ing subformulaoccurrenceandwhich hasthe propertythat
theresultantCNFsarealwayspolynomialin the size of the
inputformula. Recallthata standardranslationof a propo-
sitionalformulainto CNFbasedndistributivity lawsyields
formulasof exponentialsizein theworstcase However, the
normalform translationinto CNF usinglabelsis not valid-
ity preservinglike the one basedon distributivity laws but
only satisfiability equivalent In the caseof closedQBFs,
thefollowing resultholds:

Proposition4 Let® = Q,P,...Q, P ¢, for Q; € {3,V}
andn > 0, beeitheran (r,V)-QBF with n beingevenor
an (n, 3)-QBF with n beingodd. Furthermoe let ¢’ bethe
CNF resultingfrom the propositionalpart ¢ of ¢ by intro-
ducing new labels following Tseitin (1968. Then,® and
Q. P, ... QP AV ¢ arelogically equivalentwhee V' are
thenew labelsintroducedby the CNF transformation.

Notethatfor ® asin the above proposition,we have that
Q; = 3. HencejnthiscaseQ, P, ... Q; P,V ¢’ isthede-
siredPCNF, equivalentto ¢, usedasinput for QBF solvers
requiringPCNFformatfor evaluating®. In orderto trans-
forma QBF ¥ = Q,P,....QiP¢ whichis an (n,V)-
QBFwith n beingoddor an(rn, 3)-QBF with n beingeven,
we just apply the above propositionto Q,, Py, . . . Q Py —¢),
whereQ; = 3if Q; = V andQ; = V otherwise,which
is equivalentto —¥. That s, in orderto evaluate U by
meansof a QBF solver requiring PCNFinput, we compute
QnP,...Q1P,—7 and “reverse”the output. This is ac-
commodatedn ccT thateitherthe original correspondence
problemor the complementanproblemis encodedwhen-
everaninputyieldsa QBF like .

For the entire normal-formtransformation,one can use
the quantifiershiftingtool gst (Zolda2004). It acceptsar
bitrary QBFsin boole format(seebelow) asinputandre-
turnsanequialentPCNFQBFin gdimacsformat,whichis
nowadaysa de-factostandardor PCNF-QBFsolvers. The
tool gst implementsl4 different stratgies (amongthem
1 and] we usehere)to obtaina PCNFandusesthe men-
tionedstructure-preservingormal-formtransformatiorfor
thetransformatiorto CNF



The Implemented Tool

The systemccT implementsthe reductionsfrom inclu-

sion problems(P, ), P4, Cp) and equivalenceproblems
(P,Q.Pa,=p) to correspondingdBFs, togetherwith the
potentialsimplificationsdiscussedbove. It takesasinput
two programs,P and@, andtwo setsof atoms,A and B,

where A specifieghe alphabebf the context and B the set
of atomsfor projectionon the correspondenceelation. The
reduction(S[-] or T[-]) andthetypeof correspondencgrob-
lem (C 5 or =p) arespecifiedvia command-linerguments:
-S, -T to selectthekind of reduction;and-i , -e tocheck
for inclusionor equivalencebetweerthetwo programs.

In generalthe syntaxto specifythe programsn ccT cor-
respondgo the basicDLV syntax! PropositionaDLV pro-
gramscan be passedo ccT and programsprocessiblefor
ccT canbehandledoy DLV. Consideringhe examplefrom
theintroduction,thetwo programsvould be expresseds:

P: sel(b) :- b, not out(b).
sel(@ :- a, not out(a).
out(@ v out(b) :- a, b

Q: fail - sel(a), not a, not fail
fail - sel(b), not b, not fail
sel@ v sel(b) - a
sel@ v sellb) :- b

We supposéhatfile P.dl containsthecodefor program
P and,accordinglyfile Q.dl containghecodefor Q. If we
wantto checkwhetherP is equivalentto @ with respecto
the projectionto the outputpredicatesel(-), andrestricting
the context to programsover {«, b}, thenwe needto specify

¢ thecontet set,storedn afile, sayA, containingthestring
“(a, b)”, and

o theprojectionset,alsostoredin afile, sayB, containing
thestring*“ (sel(a), sel(b)) .

Theinvocationsyntaxfor ccT is asfollows:
ccT -e Pd Q.d A B.

By default,the encodingT[-] is chosen.Notethatthe order
of the argumentss important: first, the programsP andQ
appearthenthe context set A, andat lastthe projectionset
B. An alternatve call of ccT for ourexamplewould be

ccT -e -A "(a,b)" -B "(sel(a),sel(b))"
P.d Q.

specifyingsets A and B directly from the commandline.

After invocation theresultingQBFis writtento thestandard
outputdevice andcanbe processedurtherby QBF solvers.
The output can be piped, e.g., directly to the BDD-based
QBF solver boole ? by meansof thecommand

ccT -e Pdl Q.dl A B | boole

whichyields0 or 1 asansweilfor the correspondencgrob-
lem (in our case,the correspondencholds andthe output
1Seehttp://www.dlvsystem.com/ for more informa-
tion aboutDLV.
2This solwer is available at http://www.cs.cmu.edu/
“modelcheck/bdd.html

is 1). To employfurther QBF solvers,the outputhasto be
processeaccordingto their input syntax.

If thesetA (resp.,B) is omittedin invocation,theneach
variableoccurringin P or @) is assumedo bein A (resp.,
B); if “0” is passednsteadof afilename thentheemptyset
is assumedor set A (resp.,B). Thus,checkingfor strong
equialencebetweenP and(@ is doneby

ccT -e Pdl Q.dl | boole
while ordinaryequivalence(with projectionover B) by
ccT -e Pdl Qudl 0 B | boole .

We developedccT entirelyin ANSIC; henceijt is highly
portable. The parserfor the input datawas written using
LEX and YACC. The completepackagein its currentver-
sion consistsof morethan2000lines of code. For further
informationaboutccT andthebenchmark$elow, see

http://www.kr.tuwien.ac.at/research/eq /.

Experimental Results

Ourexperimentsvereconductedo determinghebehaiour
of differentQBF solversin combinationwith the encodings
S[-]andT[-] for inclusioncheckingor, if theemployedQBF
solver requiresthe input in prene form, with S¢[-], Sy[-],
T+[-], and T[-]. To this end, we implementeda genera-
tor of inclusionproblemswhich emanatdrom the proof of
the I1 -hardnesf inclusion checking(Eiter, Tompits, &
Woltran 2005),andthus providesus with benchmarkprob-
lemscapturingtheintrinsic compleity of thistask.
The stratgy to generatesuchinstancess asfollows:

1. generate (4, V)-QBF & in PCNFby random;

2. reduce® to aninclusionproblemIl = (P,Q,P4,Cp)
suchthatII holdsiff @ is valid;

3. applyccT to derive thecorrespondingncoding¥ for II.

Incidentally this procedurealsoyields a simple method
for verifying the correctnes®f the overall implementation
by simply checkingwhether¥ is equivalentto ®. We use
herea parameterisatiofor the generatiorof randomQBFs
suchthat the benchmarksetyields a nearly 50% distribu-
tion betweerthetrue andfalseinstancesTherefore the set
is neitherover nor underconstrainednd thus presumably
locatedin a hardregion, having easy-hard-easpatternsin
mind.

The reductionfrom the generatedQBF @ to the corre-
spondinginclusion problemis obtainedas follows: Con-
sider® of form VIW3XVY3Z¢, where¢ = A\!_, C;isa
formulain CNF over atomsV = (W U X UY U Z) with
Ci=ci1V---Veir,. Now letV = {v | v € V} beaset
of new atoms,anddefineC! = c;,,...,cj;.,v* = v, and
(—v)* = v. Wegenerate

P={vVv+|veV}u
{v & u,u; v uw,ulv,u e V\IWHU
{+ notv; + notv |ve V\W}U
{vCHveCHlveV\IW; 1<i<n}.

i)

For program@ we usefurtheratomsX’ = {2/ | v+ € X},
X' ={7'| € X} andgenerate:
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Figurel: Resultdor true (left chart)andfalse(right chart)probleminstancesubdvided by solversandencodings.

Q={vVv+|lveXUY}U
{v e uwu; v u,u|v,ue XUYIU
{2 2'; « nota’,nota’ |z € X}U
{v 2’5 vealy
veaivea fveXUY e XU
{2/ « T, not 7', & + x,nota’ |z € X}

Finally, setsA and B aredefinedas:
A=B={XUXUYUY}

It canbeshawvn that® is valid iff (P, @, P, Cp) holds.

We have setup atestseriescomprisingl000instanceof
inclusionproblemsgeneratedhatway (4650f themevaluat-
ing to true),wherethefirst programP has620rules,thesec-
ondprogram@ has280rules,usingatotal of 40 atoms,and
thesetsA and B of atomsare chosento contain16 atoms.
After employingccT, the resultingQBFs possessin case
of translationS[-], 200atomsand,in caseof translationT|[-],
152atoms.The additionalpreneing step(togethemith the
translatiorof the propositionapartinto CNF)yields,in case
of S[-], QBFswith 6575clause®ver285latomsand,in case
of T[], QBFswith 6216clausesver 2555atoms.

We comparedour differentstate-of-the-arQBF solvers,
namely qube-bj  (Giunchiglia, Narizzano, & Tacchella
2003),semprop (Letz 2002),skizzo (Benedetti2005),
andgpro (Egly, Seidl, & Woltran2006). Theformerthree
requireQBFsin PCNFasinput (thus,we testedthemusing
encodingsS+[-], S;[-], T+[-], andT[-]), while gpro admits
arbitraryQBFsasinput (wetestedt with thenon-prena en-
codingsS[-] andT[-]). Our resultsaredepictedin Figurel.
The y-axis shows the (arithmetically)averagerunningtime
in secondgtime-outwas100secondsjor eachsolver (with
respecto thechosertranslationandpreneing stratey).

As expected for all solvers,the morecompactencodings
of form T[] wereevaluatedfasterthanthe QBFsstemming
fromencoding®f form S[-]. Theperformancef theprene-
form solversqube-bj , semprop , andskizzo is highly
dependenbnthe preneing stratgy, and| dominates.

For the specialcaseof ordinary equivalence,we com-
paredour approachagainstthe systemDLPEQ (Oikarinen
& Janhuner2004)whichis basednareductionto disjunc-
tive logic programs,usinggnt (Janhuneretal. 2006)as
answersetsolver. The benchmarksely on randomlygen-
erated(2, 3)-QBFs using Model A (Gent& Walsh 1999).

EachQBF is reducedo a programfollowing Eiter & Got-
tlob (1995), suchthatthe latter possessean answersetiff
theoriginal QBF is valid. Theideaof the benchmarkss to
compareeachsuchprogramwith onein whichonerandomly
selecteduleis droppedsimulatinga“sloppy” programmer
in termsof ordinaryequivalence.
Averagerunningtimesare shavn in Table 1. The num-
bern of variablesin the original QBF variesfrom 10 to 24,
and,for eachn, 100 suchprogramcomparisonsre genes
atedfor whichthe portionof casesvhereequivalenceholds
is betweem0%and50% (for detailsaboutthe benchmarks,
cf. Oikarinen& Janhuner§2004)).We setatime-outof 120
secondsandboth the one-phasednode(DLPEQ1)aswell
asthetwo-phasednode(DLPEQ2)of DLPEQweretested.
For ccT, we comparedhe sameback-endsolversasabove,
using encodingT[-]. Recallthat for ordinary equivalence
cCT provides(2, V)-QBFs,thuswe canresignonthedistinc-
tion betweenpreneing stratgjies. The dedicatedDLPEQ
approachturns out to be faster but, interestingly among
the testedQBF solvers,gpro is the mostcompetitive one,
while the PCNF-QBFsolversperformbadevenfor smallin-
stancesThisresultis encouragingsregardsfurtherdevel-
opmentof the non-normaform approactof QBF solvers.

Conclusion

In this paperwe discussednimplementatiorfor advanced
programcomparisorin answefsetprogrammingvia encod-
ingsinto quantifiedpropositionallogic. This approachwas
motivatedby the high computationatompleity we have to
facefor correspondencehecking,makinga directrealisa-
tionvia ASPhardto accomplish Sincecurrentlypracticably
efficient solversfor quantifiedpropositionallogic areavail-
able, they canbe employedas back-endinferenceengines
to verify the correspondencproblemsunderconsideration
usingthe proposedencodings.Moreover, sincesuchprob-
lemsareoneof thefew naturaloneslying above the second
level of the polynomialhierarchy yet still partof the poly-
nomialhierarchywe believethatourencodingslsoprovide
valuablebenchmarkgor evaluatingQBF solvers,for which
thereis currently a lack of structuredproblemswith more
thanonequantifieralternation(cf., Le Berreetal. (2005)).
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